We consider the problem of valuing a European option written on an asset whose dynamics are described by an exponential Lévy-type model. In our framework, both the volatility and jump-intensity are allowed to vary stochastically in time through common driving factors -one fast-varying and one slowvarying. Using Fourier analysis we derive an explicit formula for the approximate price of any Europeanstyle derivative whose payoff has a generalized Fourier transform; in particular, this includes European calls and puts. From a theoretical perspective, our results extend the class of multiscale stochastic volatility models of Fouque, Papanicolaou, Sircar, and Solna (2011) to models of the exponential Lévy type. From a financial perspective, the inclusion of jumps and stochastic volatility allow us to capture the term-structure of implied volatility. To illustrate the flexibility of our modeling framework we extend five exponential Lévy processes to include stochastic volatility and jump-intensity. For each of the extended models, using a single fast-varying factor of volatility and jump-intensity, we perform a calibration to the S&P500 implied volatility surface. Our results show decisively that the extended framework provides a significantly better fit to implied volatility than both the traditional exponential Lévy models and the fast mean-reverting stochastic volatility models of Fouque et al. (2011) .
An exponential Lévy model is an equity model in which an underlying S = e X is described by the exponential of a Lévy process X. Such models extend the geometric Brownian motion description of Black and Scholes (1973) by allowing the underlying S to experience jumps, the need for which is well-documented in literature (see, Eraker (2004) and references therein). In particular, it is known that jumps are required in order to fit the strong skew and smile of implied volatility for short-maturity options (see Cont and Tankov (2004) , Chapter 15). In addition to allowing the underlying S to jump, exponential Lévy models are important because they capture many of the stylized features of asset prices, such as heavy tails, high-kurtosis and asymmetry of log returns.
Several well-known models fit within the exponential Lévy class: the jump-diffusion model of Merton (1976) , the pure jump models of Mandelbrot (1963) , the variance gamma model of Madan, Carr, and Chang (1998) , the extended Koponen family of Boyarchenko and Levendorskii (2000) and the double exponential model of Kou (2002) . The popularity of the above models is at least in part due to their analytic tractability.
Indeed, in Lewis (2001) ; Lipton (2002) , it is demonstrated that European option prices in all of the abovementioned models can be computed quickly and easily via (generalized) one-dimensional Fourier transforms.
A comprehensive reference on the subject of option-pricing in an exponential Lévy setting can be found in Boyarchenko and Levendorskii (2002) , as well as Chapter 11 of Cont and Tankov (2004) .
Despite their success, exponential Lévy models have some shortcomings. For example, because the log returns of all exponential Lévy process are independent and identically distributed, these models cannot exhibit volatility clustering (the tendency for volatility to rise sharply for short periods of time) or the leverage effect (the tendency for volatility to rise when asset prices decline); both of these phenomena are well-documented in time-series literature. There is also evidence from options markets that exponential Lévy processes are inadequate. Indeed, Lévy-based models cannot fit the term structure of implied volatility; as the maturity date increases the implied volatility surface induced by exponential Lévy models (unrealistically) flattens. To capture the implied volatility smile of long-maturity options one requires stochastic volatility. Another shortcoming of Lévy processes is that they exhibit constant jump intensities. However, a recent study of S&P500 index returns indicates that jump-intensities -like volatility -are stochastic (see Christoffersen, Jacobs, and Ornthanalai (2009) ). To address these shortcomings, Carr and Wu (2004) add stochastic volatility (with correlation to the underlying) by stochastically time-changing a Lévy process. Notably, the models described in Carr and Wu (2004) maintain the analytic tractability that makes the class of exponential Lévy processes attractive.
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In this paper, we address the need for volatility clustering, the leverage effect and stochastic jump intensity by modeling the returns process X by a Lévy-type process whose local characteristics (γ t , σ t , ν t ) are stochastic. We then use generalized Fourier transform techniques, as well as singular and regular perturbation methods to derive an explicit formula for the approximate price of any European-style derivative whose payoff has a generalized Fourier transform; this includes calls and puts.
From a mathematical perspective, our results are powerful because we extend the multiscale stochastic volatility models of Fouque et al. (2011) to exponential Lévy models. Indeed, much like geometric Brownian motion arises as special case of an exponential Lévy process, the class of fast mean-reverting and multiscale stochastic volatility models considered in Fouque et al. (2000) and Fouque et al. (2011) arise as a special subset of the class of models we consider. In fact, by removing jumps from our framework, one recovers the Fourier representation of the European option pricing formulas derived in Fouque et al. (2000) and Fouque et al. (2011) .
From a financial perspective, the use of the Lévy-type models we consider is strongly supported by data. To be specific, in what follows, we extend five different exponential Lévy models to include stochastic volatility and jump intensity. For each of these models, we demonstrate that the extended framework provides significantly better fit to implied volatility than both the traditional exponential Lévy models and the fast mean-reverting stochastic volatility models of Fouque et al. (2011) .
The rest of this paper proceeds as follows. In Section 2 we introduce a class of exponential Lévy-type models in which the volatility and jump-intensity are stochastically driven by a common fast-varying factor.
In Section 3 we derive an expression for the approximate price of a European option (Theorem 3.1) when the underlying is described by the class of models introduced in Section 2. In Section 4, as an example of our framework, we extend the jump-diffusion model of Merton (1976) to include stochastic volatility and stochastic jump-intensity. We also compute (numerically) the implied volatility surface generated by this example. In Section 5, using a variety of Lévy measures, we calibrate the extended class of models to the implied volatility surface of S&P500 options and we compare to the calibration obtained for the corresponding Lévy models as well as for the fast mean-reverting models of Fouque, Papanicolaou, and Sircar (2000) . In
Section 6 we briefly describe how the class of models introduced in Section 2 can be extended to allow for multiple driving factors of volatility and jump-intensity -one fast-varying factor and one slow-varying factor.
Proofs are provided in an appendix.
3 Let (Ω, F, P) be a probability space endowed with a filtration F = {F t , t ≥ 0}, which satisfies the usual conditions. Here, P is the risk-neutral pricing measure, which we assume is chosen by the market. The filtration F represents the history of the market. For simplicity, we assume that the risk-free rate of interest is zero so that all non-dividend paying assets are ( P, F)-martingales. All of our results can easily be extended to include constant or deterministic interest rates.
We consider a non-dividend paying asset S whose dynamics under P are described by the following Itô-Lévy stochastic differential equation (SDE)
Here W and B are correlated Brownian motions and N (Y, dz) is a compensated Poisson random measure
We require that the measure ν satisfy
The first integrability condition must be satisfied by all Lévy measures. The second integrability condition is needed to ensure E[S t ] < ∞ for all t ∈ R + . The last integrability condition allows us to replace the indicator function that usually appears in the Lévy-Kintchine formula I {|z|<1} with the constant 1. Although we do not require it, a correlation of ρ < 0 between W and B would be consistent with the leverage effect (i.e. a drop in the value of S will usually be accompanied by an increase in volatility).
Note that both the volatility of S, given by σ(Y ), and the state-dependent Lévy measure ζ(Y )ν(dz), which controls the jumps of S, are driven by a common stochastic process Y . The driving process Y is fast-varying in the following sense: under the physical measure P, the dynamics of Y are described by
where
The generator of Y under P is scaled by a factor of
Thus, Y operates with an intrinsic time-scale ε 2 . We assume ε 2 << 1 so that the intrinsic time-scale of Y is small. Thus, Y is fast-varying. Throughout this text, we assume that, under P, the process Y is ergodic, has a unique invariant distribution F Y , and that the smallest non-zero eigenvalue of −A ε Y is strictly positive. We also assume that the functions α and β, σ, ζ are Λ is smooth and bounded and that there exists of a unique strong solution to SDE (2.1).
As mentioned in the introduction, the class of models described by (2.1) is a natural extension of the models considered in Fouque et al. (2000) . The key difference between the class of models we consider and those considered in Fouque et al. (2000) is that we allow for the underlying S to jump. Moreover, we allow the jump intensity to be stochastic.
Option pricing
We wish to price a European-style option, which pays H(S t ) at the maturity date t > 0. It will be convenient to introduce the returns process X = log S. Using Itô's formula for Itô-Lévy processes (see Øksendal and Sulem (2005) , Theorem 1.14) one derives
where the drift γ(Y t ) is given by
Using risk-neutral pricing, the value u ε (t, x, y) of the European option under consideration is
From the Kolmogorov backward equation we find that u ε (t, x, y) satisfies the following partial integrodifferential equation (PIDE) and boundary condition (BC)
where A ε is the generator of (X, Y ); it is a partial integro-differential operator given explicitly by
Here, θ z is the shift operator which acts on the x variable: θ z f (x, y) := f (x + z, y). We shall assume that Cauchy problem (3.1) admits a unique classical solution.
Formal asymptotic analysis
For general (σ, ζ, α, β, Λ) there is no analytic solution to (3.1). We notice, however, that terms containing ε in (3.1) are diverging in the small-ε limit, giving rise to a singular perturbation about the O(1) operator
This special form suggests that we seek an asymptotic solution to PIDE (3.1). Thus, we expand u ε in powers of the small parameter ε
Our goal will be to find an approximation u ε = u 0 + ε u 1 + O(ε 2 ) for the price of an option. The choice of expanding in integer powers of ε is natural given the form of A ε .
In the formal asymptotic analysis that follows, we insert expansion (3.2) into PIDE (3.1) and collect terms of like powers of ε, starting at the lowest order. The O(1/ε 2 ) and O(1/ε) terms are
Noting that all terms in A 0 and A 1 take derivatives with respect to y, we choose u 0 = u 0 (t, x) and u 1 = u 1 (t, x). Continuing the asymptotic analysis, the O(1) and O(ε) terms are
where we have used the fact that A 1 u 1 = 0 in the O(1) equation. Equations (3.3) and (3.4) are equations of the form
Noting that (A 0 u)dF Y = 0 we observe that a solution u to (3.5) exists if and only if χ satisfies the centering
Applying the centering condition to (3.3) and (3.4) yields
Note, from and (3.3) and (3.6) we have
where we have introduced η(y) and ξ(y) as solutions to
Thus, from (3.7) and (3.8) we find
where the operator B is given by
and the constants (V 3 , U 3 , V 2 , U 2 ) are defined as
This is as far as we will take the asymptotic analysis. To review, we have found that u 0 (t, x) and u 1 (t, x) satisfy PIDEs (3.6) and (3.9) respectively. We also impose the following BCs
3.2 Explicit solution for u 0 (t, x) and u 1 (t, x)
In order to find explicit formulas for u 0 (t, x) and u 1 (t, x), we note that the operator
is the generator of a Lévy process with Lévy triplet ( γ , σ 2 , ζ ν). Thus, we may apply standard results from the classical theory of Fourier transforms to obtain solutions to PIDEs (3.6) and (3.9).
Theorem 3.1. Assume h has a generalized Fourier transform
Assume that φ λ is analytic in an infinite strip parallel to the real axis which contains iλ i . Then the solution 14) and the solution u 1 (t, x) to PIDE (3.9) with BC (3.11) is
Proof. See appendix A.
Remark 3.2. Those who are familiar with Lévy processes will recognize φ λ as the characteristic Lévy exponent corresponding to Lévy triplet ( γ , σ 2 , ζ ν).
Remark 3.3 (On calls and puts). Note that a European call option with payoff function
has a generalized Fourier transform
Likewise, a European put option with payoff function h(x) = (e k − e x ) + has a generalized Fourier transform
For a review of the generalized Fourier transforms as they relate to Lévy processes, we refer the reader to any of the following: Boyarchenko and Levendorskii (2002) ; Lewis (2001); Lipton (2002) .
From the arguments in Fouque et al. (2011) , Chapter 4, it follows that for fixed (t, x, y) there exists a constant C such that |u ε −(u 0 +ε u 1 )| < Cε 2 when h is smooth. We verify this result numerically in Section 4
by comparing the approximate price u 0 + ε u 1 of a derivative-asset, calculated using the formulas in Theorem 3.1, to the full price u ε , calculated via Monte Carlo simulation.
stochastic jump-intensity
In this section we provide one specific example within the class of models described in Section 2. Specifically, we extend the jump-diffusion model of Merton (1976) to include stochastic volatility and jump-intensity. We refer to this class of models as the Extended Merton class or simply ExtMerton. In the Merton jump-diffusion model, jumps are log-normally distributed. Thus, we let the measure ν be given by
Under this specification, we have
For a European call option with payoff h(X t ) = (e Xt − e k ) + , the generalized Fourier transform of h(x) is given by (3.16). The values of ( σ 2 , ζ , V 3 , U 3 , V 2 , U 2 ), which are needed to compute u 1 , depend on the particular choice of σ(y) and ζ(y) as well as a specific choice for the Y process. In the numerical examples below we let α(y) = −y, β(y) = β, and Λ(y) = Λ so that
and we choose σ(y) = ae y and ζ(y) = be y . With these choices the invariant distribution of Y under the
2 ) and we can compute explicitly
The implied volatility I corresponding to a European call option with price u is defined implicitly though
where u BS (I) is the price of the call option (with the same strike and maturity) as computed in the BlackScholes framework assuming a volatility of I. In figure 1 we fix the time to maturity at t = 1/10 and 9 we plot the implied volatility smile induced by the approximate price of European calls u 0 + ε u 1 for ε = {0.1, .033, 0.01}. For comparison, we also plot the implied volatility smile induced by the full price u ε (computed using Monte Carlo simulation). As expected, as ε goes to zero, the implied volatility induced by the approximate price u 0 + ε u 1 converges to the implied volatility induced by the full price u ε .
Note that, within our framework, there is nothing unique about the Merton model. By using the methods outlined in this paper, any exponential Lévy model for which one can explicitly compute
can be extended to include stochastic volatility and stochastic jump intensity. Likewise, there is nothing unique about our particular choice of functions σ(y), ζ(y) or our choice of driving process Y . One may choose any combination of σ(y), ζ(y) and Y that allow one to compute (analytically or numerically) the values of ( σ 2 , ζ , V 3 , U 3 , V 2 , U 2 ). Thus, the framework described in this paper provides considerable modeling flexibility.
Calibration to S&P500 index options
In this section we calibrate ExtMerton jump-diffusion class discussed in Section 4 to the implied volatility surface of S&P500 options. For comparison, we also calibrate the classical Merton model and the fast meanreverting stochastic volatility (FMR-SV) class of models of Fouque, Papanicolaou, and Sircar (2000) to the same set of data.
In order to formulate the calibration procedure, we introduce the following notation
where we have defined V ε i := ε V i and U ε i := ε U i . Note that the components of θ are the unobservable parameters needed to compute the approximate price of an option u 0 + ε u 1 in the ExtMerton framework, and Θ is the feasible state space of these parameters. Note also that we do not assume a specific value for ε, a specific volatility process Y , or specific functions: σ(y) or ζ(y). In fact, this is one of the main features of the class of models considered in this paper. By assuming that the driving factor Y is fast-varying and ergodic, specific choices for (ε, Y , σ(y), ζ(y)) are not needed to compute the approximate price u 0 + ε u 1 of an option (or the corresponding implied volatility). For the purposes of calibration and pricing, the relevant information about (ε, Y , σ(y), ζ(y)) is neatly contained in σ 2 , ζ and the four group parameters Let I obs (t, k) be the observed implied volatility of a European call option with time to maturity t and log strike k = log K. Let I ε (t, k; θ) be the implied volatility of a European call option with the same maturity and strike as computed in the ExtMerton framework using parameters θ ∈ Θ. We formulate the calibration problem for the ExtMerton class as a least squares optimization. That is, we seek θ * such that
Here, the sum runs over all pairs (t i , k i ) in the data set. Note: we do not calibrate maturity-by-maturity.
The calibration procedures for the Merton model and the FMR-SV class are performed in a similar fashion by solving (5.1) for θ ∈ Θ Mer and θ ∈ Θ FMR respectively, where
Note that by requiring (V Furthermore, the ExtMerton RMSE is less than half the RMSE of the classical Merton model and roughly one fourth the RMSE of the FMR-SV class. Intuitively, the reason for the improved fit in ExtMerton class is that to obtain a tight fit at longer maturities one requires a model with stochastic volatility, whereas short maturities require a model with jumps in order to reproduce the strong smile.
To further support the addition of stochastic volatility and jump intensity we consider other Lévy mea- 
Extension to multiscale stochastic volatility and jump intensity
The results of this paper can be extended in a straightforward manner to include multiscale stochastic volatility and jump intensity. We briefly describe how this may be done. Our intent in this section is not to be rigorous, but rather to give a flavor of the computations involved in this extension. To begin, we modify the dynamics of S slightly. Letting S = e X we have
Here, Z is a slow-varying factor, in the sense that its infinitesimal generator under P is scaled by δ 2 , which is assumed to be a small parameter: δ 2 << 1. The Brownian motions W x , W y , W z have correlations ρ xy , ρ xz and ρ yz (which must be such that the covariance matrix is positive definite), the compensated Poisson
and the drift γ(Y t , Z t ) is given by Using risk-neutral pricing, the value u ε,δ (t, x, y, z) of a European option in this setting is
From the Kolmogorov backward equation, the function u ε,δ satisfies the following PIDE and BC
where the partial integro-differential operator A ε,δ is the generator of (X, Y, Z). The operator A ε,δ has the following form
Terms containing δ in (6.1) are small in the small-δ limit, giving rise to a regular perturbation. Thus, (6.1)
has the form of a combined singular-regular perturbation about the O(1) operator (−∂ t + A 2 ). Following Fouque et al. (2011) we seek a solution u ε,δ of the form
Our goal is to find an approximation u ε,δ = u 0,0 + ε u 1,0 + δ u 0,1 + O(ε 2 + δ 2 ). A formal asymptotic analysis yields the following PIDEs for u 0,0 , u 1,0 and u 0,1
where, as in Section 3.1, the y-dependence has disappeared from u 0,0 , u 1,0 and u 0,1 . The operators A 2 , B
and M 1 are given by
where the z-dependent parameters (V 3 (z), U 3 (z), V 2 (z), U 2 (z)) are
The expressions for u 0,0 and u 1,0 are analogous to those given for u 0 and u 1 in Theorem 3.1. An expression for u 0,1 is obtained using Fourier transforms
Note, care must be taken when computing M 1 u 0,0 as both terms in M 1 contain the operator ∂ z and u 0,0 depends on z through both σ 2 (·, z) and ζ(·, z) . A careful computation shows that u 0,1 is linear in the following four parameters
From the arguments in Fouque et al. (2011) , Chapter 4, it follows that for fixed (t, x, y) there exists a constant
when h is smooth.
Conclusion
In this paper, we have introduced a class of exponential Lévy-type models in which the volatility and jumpintensity are driven stochastically by two factors -one fast-varying and one slow-varying. Using techniques from the theory of generalized Fourier transforms, singular and regular perturbation theory we have derived a general formula for the approximate price of any European-style derivative whose payoff function has a generalized Fourier transform. We test five specific examples of exponential Lévy-type models with stochastic volatility and jump-intensity (the Extended Merton, Gumbel, Dirac, Variance Gamma, and Uniform) and we show that these model classes provide a closer fit to the S&P500 implied volatility surface than either the Merton model or the class of fast mean-reverting stochastic volatility models. Other exponential Lévy models can be extended in a similar fashion by choosing the appropriate Lévy measure ν. We hope this work motivates further research into exponential Lévy-type models. A possible extension of this paper, for example, would be to allow the jump distribution (rather than just the jump intensity) to vary stochastically in time.
proved the quality and readability of this manuscript.
A Proof the Theorem 3.1
We wish to solve PIDEs (3.6) and (3.9) with BCs (3.10) and (3.11) respectively. For simplicity, we solve these equations for a payoff h ∈ L 1 (R, dx). The results extend to any h with a generalized Fourier transform in a straightforward manner.
To begin, we recall that the Fourier transform f and inverse transform of a function f ∈ L 1 (R, dx) are defined as a pair
Inverse Transform :
Next, we introduce A 2 * , the formal adjoint of A 2 , which satisfies
The operator A 2 * can be obtained through by integration by parts, which leads to
We note that
where φ λ and B λ are given by (3.12) and (3.13) respectively. To find an expression for u 0 (t, x) we Fourier transform PIDE (3.6) and BC (3.10). We have,
Note that (A.1) is an ODE in t for u 0 (t, λ) with an initial condition (A.2). Thus, one deduces
which established (3.14). Next, to find an expression for u 1 (t, x) we first observe that
Therefore, we have
where we have used the Fourier representation of a Dirac delta function:
Fourier Transforming PIDE (3.9) and BC (3.11) one finds
Once again, have an (inhomogeneous) ODE in t for u 1 (t, λ). Solving the ODE explicitly for u 1 (t, λ) and inverse transforming from λ to x yields.
which establishes (3.15). This completes the proof. 
